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A novel approach is combined with the generalized method of cells (GMC) to predict the elastic properties
of plain-weave polymer matrix composites (PMCs). The traditional one-step three-dimensional homogenization
procedure thathasbeen used in conjunction with GMC for modeling woven composites in the past is inaccurate due
to the lack of shear coupling inherent in the model. However, by performing a two-step homogenization procedure
in which the woven composite repeating unit cell is homogenized independently in the through-the-thickness
direction prior to homogenizationin the plane of the weave, GMC can now accurately model woven PMCs. This
two-step procedure is outlined and implemented, and predictions are compared with results from the traditional
one-step approach as well as other model and experimental results from the literature. Full coupling of this two-step
technique within the recently developed Micromechanics Analysis Code with GMC software package will result
in a widely applicable, efficient, and accurate tool for the design and analysis of woven composite materials and

structures.

I. Introduction

OMPOSITES with woven reinforcements are attractive due

to their ease of manufacture compared to unidirectional com-
posites and laminates. Reinforcement preforms can be woven (or
braided) into complex shapes that will remain intact prior to infil-
tration with the matrix material. This can reduce costs associated
with machining because near-net-shaped components can be fabri-
cated. Woven reinforcements are particularly effective in polymer
matrix composites(PMCs) applicationswhere costis oftena driving
design factor.

The beneficial qualities of woven composites come at a cost in
terms of analysis; their thermomechanical behavior is significantly
more difficult to model due to the complex and inherently three-
dimensional geometry associated with the woven reinforcement.
Typically, woven composites have been modeled either by con-
sidering a simplified geometric representation and using homog-
enization techniques (usually isostress and isostrain assumptions)
or via analysis of the actual three-dimensional geometry using fi-
nite element analysis (FEA). For recent reviews of such efforts,
the reader is referred to Refs. 1 and 2. In general, the drawbacks
of these approaches involve the accuracy of the predictions, ge-
ometric generality, computational efficiency, the ability to admit
local (constituent-scale) submodels (i.e., viscoplasticity, damage,
microfailure), or suitability to functionin the framework of broader
component-level analysis techniques. A notable exception to the
preceding characterization is the binary model developed by Cox
etal.® The binary model employsa nonlinearfinite elementapproach
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in which complex three-dimensionalwoven (or braided) geometries
are resolved into a number of stiff towline elements and compli-
ant solid elements. Hence, the arbitrary composite geometry can be
accurately captured while circumventingthe cumbersome and com-
putationally intensive three-dimensional mesh normally associated
with FEA (for modeling complex weaves).

Anotherapproachthat overcomes many drawbacksrelated to pre-
vious woven-composite modeling efforts is the method of cells,
developedby Aboudi.* The generalizationof this model, the gener-
alized method of cells (GMC),’ and the three-dimensionaltriply pe-
riodic version of GMC? increased the breadth of applicability of the
original method of cells considerably. The macroscale (composite-
level) accuracy of GMC for modeling the thermomechanical be-
havior of continuous and discontinuous composites has been well
established. GMC also admits arbitrary doubly and triply periodic
geometries, making the method completely general with respect to
geometry (provided a geometric repeating unit cell can be iden-
tified). In its original form, GMC was quite computationally effi-
cient compared to FEA (see, e.g., Ref. 7); however, the efficiency
of the method has been significantly increased via a reformulation
by Pindera and Bednarcyk >® Similarly, because GMC provides ef-
ficient access to the local (constituent) stress and strain fields in
simulated composite materials, it is ideal for inclusion of local sub-
models and, because it represents a material rather than a structure
(such as a plate) it is well suited for implementation in higher scale
analysis techniques such as FEA %1

Due to its useful aforementioned characteristics, GMC was se-
lected as the foundation for NASA Glenn Research Center’s Mi-
cromechanics Analysis Code with Generalized Method of Cells
(MAC/GMC) software package.” This product is available to (and
in use by) U.S. industry and universities for composite design and
analysis.f MAC/GMC takes advantage of GMC’s beneficial prop-
erties and provides many additionalfeatures such as 1) the ability to
simulate arbitrary thermomechanical loading histories, 2) a library
of geometric repeating unit cells, 3) user-definable subroutines,
4) damage and local failure modeling, 5) a library of elastic and
viscoplastic material constitutive models, and 6) a seamless inter-
face with the ABAQUS FEA package. Thus, MAC/GMC is an ideal
candidate for modeling woven composite materials.

*Data available online at http:/www.grc.nasa.gov/WWW/LPB/mac
[cited 18 July 2003].
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Bednarcyk and Pindera'? used GMC to model a woven car-
bon/copper (C/Cu) metal matrix composite (MMC). In these studies,
the original method of cells was used to represent the unidirectional
infiltrated fiber yarns embedded within the triply periodic version
of GMC, thus enabling representation of the composite’s three-
dimensionalrepeatingunit cell. Local submodels were incorporated
to account for matrix plasticity and fiber—matrix debonding, allow-
ing reasonably good agreement with mechanical experimental test
data. However, due to GMC’s inherentlack of coupling between the
normal and shear stress and strain fields, the method has (until now)
been unable to model PMCs accurately. In C/Cu MMCs, however,
the dominant nature of the effects of matrix plasticity and fiber—
matrix debonding muted the inaccuracies associated with GMC’s
lack of shear coupling, permitting reasonably accurate predictions
for C/Cu systems. PMCs, on the other hand, are typically mod-
eled elastically, and fiber—matrix debonding is often restricted to
the near-failure regime of the PMC'’s response. Hence, GMC'’s pre-
dictions for the elastic properties of PMCs have been poor. With
the inability to predict accurately the effective properties of PMCs
(the most common form of woven composites), the usefulness of
GMC in modeling woven composites could only be characterized
as limited.

A concept that immediately exhibited potential for overcoming
GMC'’s difficulties in accurately modeling woven PMCs was re-
cently reported independently by Tabiei and Jiang!! and Huang.!?
These authors presented approachesto model a plain-weave PMC in
which, prior to homogenizing in the plane of the woven reinforce-
ment, homogenization (via use of isostress and isostrain assump-
tions) was performed through the thickness of the weave. As will be
shown, this two-step homogenization concept can be used in con-
junction with GMC to enable accurate and consistent prediction of
woven PMC elastic properties. Furthermore, in the contextof a fully
embedded approach to modeling general woven and braided com-
positeslike that presentedby Bednarcykand Pindera,>!* employing
a through-the-thickness homogenizationstep (before homogeniza-
tion in the plane of the weave, but after homogenization of the
fiber and matrix to obtain the infiltrated yarn behavior) is clearly
warranted.

II. GMC Mixed Concentration Equations

The reader is referred to Refs. 5 and 6 for full presentations of
the doubly and triply periodic versions of GMC and to Refs. 8
and 2 for the corresponding reformulations. Here we will estab-
lish a theoretical background for the GMC equations based on the
concept of mixed-concentrationequations. Whereas the traditional
stress and strain concentration equations relate local stresses to
global stress and local strains to global strain, the desired mixed-
concentration equations relate local stresses to global strain. Such
mixed-concentrationequationsare essentialin the reformulated ver-
sion of GMC.

We begin with Hill’s!* stress and strain concentration equations
including thermal and inelastic effects:
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where 0@ and ®#") are the vectors of the six (average) stress
and strain components, respectively, in a subvolume defined by the
indices(aBy); o and€ arethe average (global) stressand straincom-
ponent vectors, respectively; e( & ande M7 are the (average) ther-
mal and inelastic strain vectors, respectlvely, in subvolume (A£7);
and C*" is the elastic stiffness matrix for subvolume (A& 7). The fa-
miliar stress and strain concentrationmatrices for subvolume («fy)
are B@7) and A“?), respectively. The inelastic and thermal strain
distributions in each subvolume affect the stresses and strains in

every other subvolume. Hence, the thermal and inelastic stress con-
centration matrices, B\""**"” and B\**"*" respectlvely, as well
as the thermal and 1nelastlc stram concentratlonmatrlces A, (wpy.25m
and A7 respectively,have the double- 1ndexsuperscr1pts The
summatlons appearingin Eqgs. (1) and (2), Z,;,, represent summa-
tion over all subvolumesdenoted by (A£1n).

The local constitutive equation for subvolume («¢fy) may be
written
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where, C* is the effective elastic stiffness matrix and €; and &,
are the global (average) thermal and inelastic strain vectors, respec-
tively. The average stress vector is defined as
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Comparing Eq. (7) with Eq. (4) allows the identification of the global
or effective terms appearing in Eq. (4), namely
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Now, to obtain the local stresses in terms of global strain, we substi-
tute Eq. (4) into Eq. (1), followed by the substitutionof Egs. (8—10)
into the resulting expression, thereby giving
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We now write Eq. (11) as
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where the mixed concentration operators are defined as follows:
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Equation (12) is the mixed concentration equation. It relates the
local stresscomponentsto the global straincomponentsand the local
thermal and inelastic strain components. Equations (13-15) provide
the mixed concentration matrix, the thermal mixed concentration
matrix, and the inelastic mixed concentration matrix, respectively.

‘We now link this general derivation to the specific geometry con-
sidered by GMC, (Fig. 1) which is a parallelepiped repeating unit
cell whose average response is that of the triply periodic volume
in question. The unit cell consists of an arbitrary number of par-
allelepiped subcells, each of which is considered to have known
average properties. The indices (¢fy) used previously to represent
arbitrary subvolumes now represent specific subcells within the re-
peating unit cell.

The mixed concentration equation is of interest because, due to
the lack of coupling between the normal and shear fields inherent
in the GMC approach, not all subcell stress components are unique.
Thus, computational advantage can be taken by utilizing only the
unique subcell stress components as unknown quantities. This was
the basis for the reformulation of GMC presented by Bednarcyk and
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Fig. 1 GMC three-dimensional repeating unit cell.

Pindera,? who arrived at the following equation:

Tl(lﬁy)
Tz(;xy)
T3(;xﬁ)
I
Tl(f)
L7y
(A7 B X AN el e g,
G D S S S U ol B
AR B X AR el | e
S| AY BR X® AR e el ||
SR A A |
LAy BY Xy AR ey wp e
7] ks
ry” 5"
+ e AT + @ (16)
ryy of!
ri o
LTy Loy

where T[(.') are the unique subcell stress components and, clearly,

comparing Eqgs. (16) and (12),

[ A6 gy B A oBn g6 ]

Ajy By, X Ay 2y Wi
(ay) (ay) (ay) (ay) (ay) (ay)

Ax By, X5 Ay 25 vy
(ap) (ap) (aB) (aB) (ap) (aB)

Az By, X33 Az £33 Vi

G(Otﬁ)/) — (17)
() () () () () ()
A23 Bz3 X23 A23 923 “1123
B) B) B) B) B) (0]
A13 B13 X13 A13 913 \.1113
) ) ) ) ») )
_A12 B12 X12 A12 le “plz i
E G(dﬁy.kén)s(kén)
T T
rEn
By) (ay) (ap) (o) B) ») !
— Y ay @ o Y
- [Fll l_‘22 F33 l_‘23 l_‘13 l_‘12:| AT (18)
§ G(dﬁy.kén)s(kén)
1 1
rEn
By) (ay) (aB) (a) B) ») !
— Y ay @ o Y
- I:(Dll <I>22 (1)33 (1)23 (1)13 (DIZ:I (19)

when the proper eliminationof nonuniquecomponentsis performed
(a superscript T indicates a matrix transpose). As Bednarcyk and
Pindera®>® showed, a significant speed increase (execution-time
reduction) arises by employing the mixed concentration equation
approach over the previous GMC strain concentration equation ap-
proach, without any loss in accuracy.

III. Application of GMC to Woven PMCs

To examine the viability of GMC in predicting the elastic proper-
ties of a woven PMC, rigorouscomparison will be made to numerous
results from the literature. In particular, we compare to 1) the re-
sults of Naik and Ganesh'’ for plain-weave 42% e-glassfepoxy and
plain-weave 41% graphite/epoxy; 2) the results of Dasgupta et al.'6
for plain-weave 35% e-glassfepoxy; and 3) the results of Tanov and
Tabiei!” for plain-weave 35% e-glass/epoxy, plain-weave 35% sil-
icon carbidefitanium (SiC/Ti; treated as elastic), plain-weave 46%
e-glass/epoxy, and plain-weave 35% graphite/epoxy. Toward this
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Fig. 2 Top view of the plain-weave geometry and repeating unit cell.

Fig. 3 MAC/GMC repeating unit cell used to represent a plain-weave
composite.

end, consider the geometry of a plain-weave reinforcement shown
in Fig. 2 as viewed from above. The warp and fill yarns undulate
in and out of the plane to form the pattern depicted. Also shown in
Fig. 2 is the repeating unit cell for the weave, which remains the
same even when the weave is infiltrated with a matrix material to
form a plain-weave composite.

Figure 3 shows a MAC/GMC repeating unit cell that represents
the geometry of a plain-weave composite. Clearly, a more refined
geometric representation of the composite is possible, but, for the
present study, the unit cell shown in Fig. 3 is sufficient.

The traditional procedure for modeling the plain-weave
composite with GMC would be to first determine the effective (ho-
mogenized) behavior of the infiltrated fiber yarns that occupy the
three-dimensional subcells in Fig. 3 and then to homogenize these
three-dimensionalsubcellsin one step via the triply periodic version
of GMC. If local effects such as matrix plasticity, damage, or local
failure are included, this procedure is not simple because an em-
bedded local model is needed to representthe infiltrated fiber yarns.
Bednarcyk and Pindera® used the method of cells as such a local
model so that the stresses and strains in the fiber and matrix phases
were known during the simulated thermomechanical loading his-
tory on the woven MMC. However, in the present case of an elastic
woven PMC, alocal model is needed only to determine the effective
elastic properties of the infiltrated fiber yarns. Arnold et al.” used
GMC to first determine the yarn elastic properties before analyzing
a plain-weave repeating unit cell (similar to that shown in Fig. 2),
also with GMC. For consistency, in the present study, when possi-
ble, we employ the homogenized infiltrated yarn properties given
by the authors of the results to which we are comparing.

Given the infiltrated yarn properties (and the appropriate unit cell
dimensions), the effective elastic properties of the repeating unit
cell shown in Fig. 3 can readily be determined using a transversely
isotropicelastic material constitutivemodel to representthe subcells
occupied by the infiltrated fiber yarns. Provided the constitutive

model can admit an arbitrary plane of transverse isotropy, appro-
priate representation of all subcell materials present in Fig. 3 is
possible. Effective elastic properties for the specific plain-weave
composites (listed earlier) that have been predicted via this one-step
homogenization process are presented and discussed in Sec. IV.

An alternative two-step approach, as mentioned previously, has
been suggested by the work of Tabiei and Jiang!! and Huang!'?
and can be easily employed within the context of the GMC frame-
work. Assuming the effective behavior of the infiltrated fiber yarns
is known, a two-step homogenization process, wherein homoge-
nization is performed through the thickness of the woven reinforce-
ment prior to homogenization in the plane of the weave, can be
conducted. Examining the exploded view of the plain-weave com-
posite repeating unit cell employed previously (Fig. 4), it is clear
that six unique types of through-the-thicknes subcell groups exist.
These six groups are shown in Fig. 5. Group 1 consists of subcells
containing fibers oriented at 0 and 90 deg to each other in the plane
of the weave. Groups 2, 3, 4, and 6 consist of two subcells of in-
clined fibers sandwiched between two pure matrix subcells. Finally,
group 5 contains only pure matrix subcells.

These six subcell groups are now homogenizedindependentlyvia
GMC. Thatis, the effectiveelastic propertiesof each group shownin
Fig. 5 are determinedby analyzing the group as if it were a triply pe-
riodic repeating unit cell. Clearly, group 5 will have effective elastic
properties identical to those of the matrix. The homogenized mate-
rial represented by group 1 is orthotropic, while those represented
by groups 2, 3, 4, and 6 are monoclinic. Note that both stacking
sequences of the 0- and 90-deg subcells in Fig. 4 resultin identical
effective properties.

The second step in determining the effective elastic properties
of the plain-weave composite involves homogenizing the proper-
ties determined for the subcell groups in the plane of the woven
reinforcement. This step was also performed using MAC/GMC and
the corresponding repeating unit cell is shown in Fig. 6, where the

Fig. 4 MAC/GMC repeating unit cell for a plain-weave composite:
exploded view.

Group 1

Group 2 Group 3

Fig. 5 Unique through-the-thicknesssubcell groupsinthe MAC/GMC
repeating unit cell for a plain-weave composite.

N
(6]
»

Fig. 6 MAC/GMC repeating unit cell for a plain-weave composite
after through-the-thickness homogenization.
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numbers refer to the group numbers identified in Fig. 5. Clearly, by
employing the effective material properties determined in step one,
as shown in Fig. 6, the unit cell shown in Fig. 3 has beenrepresented
in a post-through-the-thckness homogenization condition.

IV. Results and Discussion

A. Comparison with Results of Naik and Ganesh'®

For comparison with the results of Naik and Ganesh,' use will
be made of the effective infiltrated fiber yarn properties given by
these authors (Table 1). The dimensions of the repeating unit cell
(defined as a, g, and H in Fig. 3) were determined by first selecting
a and then selecting g in order to yield the correct overall fiber
volume fraction of the composite (given the infiltrated fiber yarn
fiber volume fraction). Then, for the 42% e-glass/epoxy and the
41% graphitefepoxy, H was selected to yield the same quarter-cell
aspect ratio [(a + g)/H] as the geometry employed by Naik and
Ganesh. Table 2 provides the normalized unit cell dimensions; units
are arbitrary. Note that the height of each through-the-thicknes
layer was taken as % of the overall unit cell height H (see Fig. 3).
Accordingly, the angle of inclination of the fibers, 6, was taken as
arctan(H /2g) in the appropriate subcells.

Figures 7-12 provide the predicted in-plane elastic properties of
the 42% e-glass/epoxy and 41% graphite/epoxy plain-weave com-
posites. The MAC/GMC results are labeled “1 step” and “2 step”
in these figures, where 1 step refers to predictions made via ho-
mogenization of the repeating unit cell shown in Fig. 3 without first
homogenizingthroughthe weave’s thickness,and 2 steprefers to uti-
lization of the proceduredescribedin Sec. III whereby homogeniza-
tion s first performed through the thickness of the weave prior to the
in-plane homogenization. All other results presented in Figs. 7-12

Table 1 Elastic properties provided by Naik and Ganesh!3
for the infiltrated fiber yarns and the epoxy matrix

Ea, Er, Ga, Gr,
Material Vy GPa GPa GPa GPa VA
Epoxy —_— 3.5 3.5 1.3 1.3 0.35

E-glass/epoxy 0.70 51.5 17.5 5.80 6.60 0.31
Graphite/epoxy 0.80 311.00 6.30 4.40 2.10 0.25

Table 2 Repeating unit cell dimensions
for comparison with Naik and Ganesh'®

Material a g H

42% E-glass/epoxy 1.00 0.67 0.50
41% Graphite/epoxy 1.00 095 0.78
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Fig. 7 Predicted/experimental in-plane elastic modulus for plain-
weave 42% e-glass/epoxy.
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Fig. 8 Predicted in-plane elastic modulus for plain-weave 41%
graphite/epoxy.
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Fig. 9 Predicted in-plane shear modulus for plain-weave 42%
e-glass/epoxy.
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Fig. 10 Predicted in-plane shear modulus for plain-weave 41%
graphite/epoxy.
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Fig. 11 Predicted in-plane Poisson ratio for plain-weave 42%
e-glass/epoxy.
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Fig. 12 Predicted in-plane Poisson ratio for plain-weave 41%
graphite/epoxy.

were taken from Ref. 15. These authors presented the slice array
model (SAM) and two versions of the element array model (EAM),
one in which the in-plane homogenization occurs first in parallel
and then in series (PS) and the other in which this homogenization
occurs in the reversed order (SP). The EAM in-plane homogeniza-
tion is performed via use of isostress (series) and isostrain (parallel)
assumptions in the two in-plane coordinate directions. The order in
which these directional homogenization schemes are applied gives
rise to the two distinct EAM models (PS or SP), which, as indicated
in Figs. 7-12, yield different predictions. For details on the EAM
and SAM models, the reader is referred to Ref. 15.

Naik and Ganesh' also provided additional simple model re-
sults to which their more refined EAM and SAM results were com-
pared. These simple models are the modified mosaic parallel model
(MMPM), which is an extension of the mosaic model developed by
Chou and Ishikawa,'® the modified Kabelka model (MKM), which
is an extension of the model developed by Kabelka,' and the orig-
inal Kabelka model. In addition, an experimental in-plane elastic
modulus was provided by Naik and Ganesh for the e-glass/epoxy
composite.

Examining Figs. 7 and 8, it is clear that utilization of the two-step
homogenization procedure with MAC/GMC rather than the tradi-
tional one-step procedure significantly affects the in-plane elastic
modulus predictions. For the plain-weave e-glass/epoxy composite,
the predicted modulushas increasedfrom 13.4to 18.1 GPa, achange
of 35%. The increase is even more dramatic for the graphite/epoxy
composite, from 8.53 to 17.4 GPa, or 104%. This greater increase

is clearly due to the greater degree of transverse isotropy exhibited
by the graphite/epoxy yarns compared to the e-glass/epoxy yarns
(see Table 1). As mentioned previously, the low predicted in-plane
elastic modulus associated with the one-step MAC/GMC procedure
is due to the lack of coupling between normal and shear stresses and
strainsin GMC. A manifestationof this lack of shear couplingis that
each normal stress componentis constantin rows of subcells along
the stress component’s direction. That is, in Fig. 3, 0,, is constantin
rows of subcells along the x, direction while o33 is constantin rows
of subcellsalong the x3 direction. Thus, if a single compliantsubcell
is present in series with many stiff subcells, that compliant subcell
must carry the same (appropriate component of) stress as the stiffer
subcells. This then causes the entire row to have an unrealistically
low stiffness, like a chain with a highly compliant link, because no
stress can be transferred via shear to adjacent rows of subcells. This
lack of shear coupling has a significant impact on the ability of the
one-step MAC/GMC procedure to predict accurately the in-plane
modulus of woven composites because all rows of subcells contain
compliant matrix-only subcells or transversely oriented composite
subcells (see Fig. 4). Because the repeating unit cell lacks any com-
plete subcell rows with continuous fibers, the one-step approach
underpredicts the in-plane modulus of the woven composite.

By homogenizing through the weave’s thickness, the properties
of the subcell groups (Fig. 5) are linked or “smeared” together. Then,
in step two (see Fig. 6), two rows of subcells exist in both in-plane
directions that do not contain any highly compliant subcells. This
allows the two-step MAC/GMC procedure to predict significantly
more realisticin-plane elastic moduli for woven composites. This is
illustrated via comparison with the other results givenin Figs. 7 and
8. The two-step MAC/GMC predictionfor the in-plane elastic mod-
ulus compares well with the refined EAM and SAM models for both
composites and compares well with experiment for the plain-weave
e-glass/epoxy composite. Particularly encouraging is the fact that
the two-step MAC/GMC elastic modulus prediction falls between
the EAM-PS and EAM-SP predictions for both woven composites.
It should be noted that the EAM models employed 2500 individual
geometric elements, whereas the present MAC/GMC predictions
were performed with a total of 64 subcells.

Examining Figs. 9-12,itis clear that the two-step MAC/GMC ho-
mogenization procedure gives rise to higher in-plane shear moduli
and lower in-plane Poisson ratios compared to the one-step pro-
cedure. It appears that the MAC/GMC shear modulus predictions
are improved via use of the two-step procedure because they are in
better agreement with the EAM and SAM model predictions. The
Poisson ratio predictions of the one-step MAC/GMC procedure are
actually in better agreement with the EAM and SAM models than
the corresponding two-step MAC/GMC predictions.

B. Comparison with Results of Dasgupta et al.'®

Dasgupta et al.!® performed a unit-cell-based three-dimensional
FEA of a 35% plain-weave e-glass/epoxy composite. However, the
homogenized properties of the infiltrated fiber yarns were not pro-
vided. The authorsemployed the Mori-Tanaka method to determine
the properties from the fiber and matrix constitutive properties. To
compare the GMC results with the results of Dasgupta et al., the
fiber and matrix propertiesemployed by these authors were homog-
enized using MAC/GMC to obtain the effective properties of the
e-glass/epoxy infiltrated fiber yarns. A 26 x 26 subcell GMC re-
peating unit cell was used for this purpose. The fiber and matrix
properties given by Dasgupta et al., as well as the homogenized in-
filtrated fiber yarn properties determined by MAC/GMC, are given
in Table 3.

Dasguptaet al.'® also did not provide the dimensions of their 35%
plain-weave e-glass/epoxy composite; thus, for comparison with
their results, H was selected to yield the same quarter-cell aspect
ratio as that employed by Naik and Ganesh'> for their e-glass/epoxy
composite. Accordingly,a, g, and H were taken as 1.00,0.857, and
0.554, respectively.Finally, as before, the angle of inclination of the
fibers, 6, was taken as arctan( H /2g) in the appropriate subcells.

Table 4 presents a comparison between MAC/GMC and the re-
sults of Dasgupta et al.!® for the 35% plain-weave e-glass/epoxy
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Table 3 Elastic properties provided by Dasgupta et al.!® for the
e-glass fiber and the epoxy matrix and the properties of the infiltrated
e-glass/epoxy fiber yarns determined via MAC/GMC

Eq, Er, Gy, Gr,
Material Vy GPa GPa GPa GPa VA
Epoxy —_ 3.45 3.45 1.26 1.26 037
E-glass —_ 72.4 72.4 29.67 29.67 0.22
E-glass/epoxy 0.65 48.3 14.5 5.06 5.09 0.264

Table 4 Comparison of elastic property predictions
and experiment'® for 35% plain-weave e-glass/epoxy

Result E, GPa v
Experiment 18.8 0.14
MAC/GMC-1 step 11.4 0.183
MAC/GMC-2 step 17.0 0.144
Dasgupta et al.'® 19.7 0.14

composite. Dasgupta et al. also provided the experimental results
givenin Table 4. Recall that since Dasguptaetal. did not provide the
dimensions of the composite, the geometry of the GMC repeating
unit cell is approximate. It is clear from Table 4 that the predictions
of GMC have again been significantly improved through the utiliza-
tion of the two-stepapproachcompared to the one-stepapproach. As
described earlier, the in-plane modulus rises significantly (by 49%),
resulting in much better agreement with experiment. Furthermore,
as described earlier, the in-plane Poisson ratio has decreased sig-
nificantly, but we now see that this decrease provides significantly
better agreement with experiment. Thus, it appears that the EAM
models’ Poisson ratio predictions (Figs. 11 and 12), which agreed
well with the GMC one-step prediction, may not be as accurate as
those made using the GMC two-step approach.

In Table 4 it is also clear that the three-dimensional FEA predic-
tions performedby Dasguptaet al.'6 are in better agreementwith ex-
periment than the GMC two-step predictions. This is to be expected
becausethis FEA employeda significantly more accurate geometric
representationthan that employed in this study (see Fig. 3). Utiliza-
tion of a more refined unit cell geometry might further improve the
MAC/GMC predictions.

C. Comparison with Results of Tanov and Tabiei'”

Tanov and Tabiei'” presented two models for determining the
elastic properties of plain-weave composites that they called the
four-celland the single-cellmodels. The approachtaken in the four-
cell model is similar to that employed herein with MAC/GMC. The
woven composite geometry is subdivided into regions containing
either unidirectionalinfiltrated fiber yarns or pure matrix material,
and groups of these subregions are homogenized through the thick-
ness of the woven composite. Finally, the effective properties of
these through-the-thickress groups are homogenizedin the plane of
the weave to determine the effective properties of the plain-weave
composite. The homogenization at both stages is performed using
isostress and isostrain assumptions on certain stress and strain com-
ponents. Clearly, in the four-cell model, Tanov and Tabiei circum-
ventthelack of shearcouplingin theirhomogenizationprocedureby
performing through-the-thickress homogenization prior to the in-
plane homogenization. In the single-cell model, on the other hand,
the assumed composite geometryis such thatcontinuousfibers travel
the entire length of the analysis volume. Thus, thanks to this simpli-
fied geometric representation,the homogenizationprocedure’s lack
of shear coupling does not lead to underpredictionof the composite
in-plane elastic modulus.

The homogenized infiltrated fiber yarn properties, as well as the
pure matrix material propertiesemployed by Tanov and Tabiei,'” are
given in Table 5. Because the four-cell model geometry is similar
to the unit cell geometry employed herein with GMC, the unit cell
dimensions, given in Table 6, were readily available. Note that the
angle of inclination of the fiber yarns, 6 (see Fig. 3), was provided
explicitlyby Tanov and Tabiei and was used within the GMC model.

Table5 Elastic properties employed by Tanov and Tabiei'”
for the infiltrated fiber yarns and the pure matrices

EA . ETa GAa
Material Vy GPa GPa GPa VA vr
Epoxy —_— 3.5 3.5 1.3 0.35 0.35
E-glass/epoxy 65 47.77 18.02 3.877 0.314 0.249
TIMETAL 21S — 112.0 112.0 41.8 0.34 0.34

SCS-6/TIMETAL 65 293.88 253.84 9346 0.278 0.2846
218

Epoxy (a) 3.45 3.45 126 037 037
Glass/epoxy (a) 80* 58.61 14.49 538 0.250 0.247
Epoxy (b) —_— 4.511 4511 1.634 0.38 0.38

Graphite/epoxy (b) 65 137.3 10.79 5.394 0.26 046

“Deduced from properties, not explicitly stated in Ref. 17.

Table 6 Repeating unit cell dimensions for comparison with Ref. 17

Material a g H 0, deg
35% E-glass/epoxy 0.5385 0.4615 0.3077 9.46
35% SCS-6/TIMETAL 21S 0.5385 0.4615 0.3077 9.46
46% Glass/epoxy 0.26 0.74 0.3701 4.2
38% Graphite/epoxy 0.58 0.42 0.1545 1.4

Table 7 Model results for 35% plain-weave e-glass/epoxy

Ey, E3, E, Gp,Gpz, G,

Model GPa  GPa GPa GPa wvy1,v31 13
GMC (1 step) 13.1 9.42 2.53 246 0.307 0.246
GMC (2 step) 18.1 9.85 2.54 2776 0.318 0.177

Tanov and Tabiei'”  17.853 9.788  2.497 3.529 0.3321 0.1724
(four cell)

Tanov and Tabiei'”  18.209 7.798  2.294  3.407 0.3923 0.1739
(single cell)

Chung and Tamma®®  18.634 8.346  2.422  3.190 0.3720 0.1745
upper bound

Table 8 Model results for 35% plain-weave SCS-6/TIMETAL21S

Ey, E3, Ei, Gp,Gis, Gos,

Model GPa GPa GPa GPa wvy1,v31  vp3
GMC (1 step) 185.8 177.8 6249 61.90 0.3075 0.2902
GMC (2 step) 195.1 180.8 62.50 64.35 0.3073 0.2813

Tanov and Tabiei!”  194.47 180.30 61.00 69.44 0.3086 0.2810
(four cell)

Tanov and Tabiei'”  196.32 170.60 59.15 68.83 0.3237 0.2779
(single cell)

Chung and Tamma® 196.05 174.15 60.00 67.23 0.3180 0.2790
upper bound

Table 9 Model results for 46 % plain-weave e-glass/epoxy

Ey, E3, Ei, G2, Gi3, G,

Model GPa  GPa GPa GPa vyp,v31 v
GMC (1 step) 9.16 5.76 1.67 1.63  0.402 0.203
GMC (2 step) 11.84 6.21 1.68 1.78 0402 0.167

Tanov and Tabiei'” 11.86 6.21 1.70 233 0404 0.166
(four cell)

Tanov and Tabiei'” 1193 5.67 1.59 231 0436 0.159
(single cell)

Marrey and Sankar?! 1181 6.14 1.84 2.15 0408 0.181

Tables 7-10 compare the GMC one-step and two-step proce-
dure predictions with those of the four-cell and single-cell Tanov
and Tabiei!” models. Also included in the tables are additional re-
sults from the literature that were included by Tanov and Tabiei.
These additionalresults include finite element results of Chung and
Tamma,?® which represent an upper bound (displacement bound-
ary conditions employed), for the 35% plain-weave e-glass/epoxy
and 35% SCS-6/TIMETAL21S composites; Marrey and Sankar’s>!
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Table 10 Model results for 35% plain-weave graphite/epoxy
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E,, Es, Ey, G2, Gy3, Gas,
Model GPa GPa GPa GPa Va1, V31 Va3
GMC (1 step) 14.2 8.11 2.75 2.99 0.460 0.131
GMC (2 step) 45.08 10.12 2.756 3.235 0.4637 0.0564
Tanov and Tabiei'” 45.08 10.12 2.763 3.815 0.4643 0.0562
(four cell)
Tanov and Tabiei'” 45.17 9.782 2.585 3.813 0.4784 0.0542
(single cell)
Jiang et al.?? 46.35 — — 3.83 — 0.0538
Ishikawa et al.?3 48.3%/49.8° — 5.412/3.83° — 0.0622/0.068"

“One ply. °Four plies.
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Fig. 13 Illustration of a
multiscale approach to mod-
eling woven composite mate-
rials and structures.
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Periodic
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Constituent
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finite-element-based analysis of 46% plain-weave e-glass/epoxy
composite plates; and micromechanical model results of Jiang
et al.,2? as well as experimental results of Ishikawa et al.,?* for 35%
plain-weave graphite/epoxy.

As the tables show, the GMC results have improved by utilizing
the two-step approach compared to the one-step approach, espe-
cially with respect to the in-plane elastic modulus. We see again,
as shown in Sec. IV.B, that the reduction of the in-plane Poisson

ratio associated with the utilization of the two-step procedurerather
than the one-step approach improves the model’s agreement with
other results from the literature. Note that, for the MMC (SCS-
6/TIMETAL21S), whose constituentpropertiesexhibit significantly
less stiffness mismatch than that of the PMCs, the differences be-
tween the one-step and two-step GMC approaches are muted, as
expected.

Also noteworthy is the excellent agreement between the GMC
two-step and the Tanov and Tabiei'” four-cell results. In Tables 9
and 10, the results of these two models are nearly identical for all
properties with the exception of the in-plane shear modulus, which
is somewhat lower in the case of the GMC prediction. The simi-
larity of the results is expected because the models themselves are
quite similar. This similarity, as well as the in-plane shear modu-
lus discrepancy, can be understood by examining the isostress- and
isostrain-basedequationsemployedby Tanov and Tabiei in the four-
cell model to preform the in-plane homogenization. This in-plane
homogenization is performed on four subcell groups, which have
already been homogenized in the through-the-thicknes direction.
Thus, at this pointthe geometry is similar to that shown in Fig. 6 with
4 rather than 16 distinctregions or subcells. The homogenizationis
performed via use of Tanov and Tabiei’s!” Egs. (23) and (24), which
are, with one small variation, the equations of GMC specialized to
four subcells (i.e., the method of cells*). This variation occurs be-
cause, rather than assuming the average in-plane shear strain is the
sum of four distinct subcell in-plane shear strains (as they do for
the other shear strains), Tanov and Tabiei assume that the in-plane
shear strain is constant. In GMC, on the other hand, it is the in-plane
shear stress that is constant. As one might expect, this difference
in the equations that pertain to the in-plane shear behavior of the
composite manifests as a difference in the two models’ predictions
for the in-plane shear modulus. GMC, which forces the subcells to
experience the same in-plane shear stress, results in a lower shear
stiffness than does the four-cell model, which forces the subcells to
experience the same in-plane shear strain.

V. Conclusions

A two-step homogenization procedure has been outlined that en-
ables the accurate prediction of woven PMC elastic properties with
GMC. Previously, woven PMCs could not be accurately modeled
using the GMC approach due to the lack of shear coupling inher-
ent in the model. For woven MMC:s, this lack of shear coupling
was not prohibitive because the effects of matrix inelasticity and
fiber—matrix debonding tended to dominate the woven MMC’s re-
sponse. Via utilization of an independent through-the-thicknes ho-
mogenizationstep, as suggested by Tabiei and Jiang!! and Huang,'?
MAC/GMC can now accurately model the response of the more
common woven PMCs.

The results presented herein indicate that the two-step
MAC/GMC homogenization procedure predictions compare favor-
ably with results from several previous models for woven com-
posites and experiment. These results serve as a proof of concept
for this new GMC procedure for modeling woven composites. The
next step will involve fully coupling this two-step procedure with
the embedded approach used previously to model woven MMCs? '3
and incorporating these capabilities into NASA’s MAC/GMC soft-
ware package. This will, in effect, result in a multiscale model for
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arbitrary woven and braided composite materials and structures,ow-
ing to MAC/GMC’s interface with FEA. This multiscale approach
can be visualized as shown in Fig. 13. Via continuous localization
and homogenization, the stress and strain fields in the fiber and ma-
trix constituents can be tracked throughout the woven composite
and structure during time-dependentthermomechanical loading on
the global (structure) scale. This will then allow employment of ar-
bitrary viscoelastoplasticconstitutive models, damage models, and
local failure criteria on the scale of the individual constituents.

It should be noted that the plain-weave composite model devel-
oped by Tabiei and Jiang'! that introduced the concept of an inde-
pendentthrough-the-thickness homogenizationstep also was linked
with FEA. However, their model localized only to the level of the
infiltrated fiber yarns. Thus, the constituent-level fields were not
available and microscale constitutive, damage, and failure models
could not be incorporated. The same is true for the work of Tanov
and Tabiei.!” Furthermore, the work of Tabiei and Jiang considered
only one particular woven composite architecture. Because the pe-
riodic composite microstructure admitted by GMC is arbitrary, the
procedure outline herein can be employed for any type of woven or
braided composite.
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